The inner two planets around the 55 Cancri were found to be trapped in the 3:1 mean motion resonance. In this paper, we study the dynamics of this extra-solar planetary system. Our numerical integrations confirm the existence of the 3:1 resonance and imply a complex orbital motion. Different stable motion types are found. Due to the high eccentricities in this system, we apply a semi-analytical method based on a new expansion of the Hamiltonian of the planar three-body problem in the discussion. We discuss the occurrence of the apsidal corotation and its influence on the stability of the system.
Introduction
Over 100 extra-solar planets have been found. The high eccentricities, close distances to the central stars and the heavy masses, show the wide variety of planetary system that are quite different from our solar system. Among these "exoplanets", 28 around the main sequence stars are located in 13 "multiple planet systems", and some of them are proved to be in Mean Motion Resonances (hereafter MMR). Recently, the two inner planets around the 55 Cancri are found to be possibly in a 3:1 MMR [1] . In the numerical simulations, the resonant angles are found to librate around certain values. At the same time, the difference between the two periastrons are found to be locked to a definite value, that is, the two planets precess at the same rate.
Since planets trapped in MMR would have strong interactions, they could not have formed in situ but must have migrated from their original orbits and captured into the current configurations. The dynamics of these resonances may contain important information of the capturing process and therefore give valuable hints to the planet formation and the evolution of a planetary disk. As a result, those planetary systems with resonance attract special attention. Moreover, the possibility of an Earth-type (habitable) planet in the 55 Cancri system has been discussed [2] . All these make this planetary system interesting.
In this paper, we confirm the possibility that the two planets are in a 3:1 MMR by numerical integrations and discuss the possible configurations this system would take (section 2), then with a new expansion of the Hamiltonian for a planar three-body problem (section 3), we analyze the dynamics of this system. We will discuss the occurrence of the apsidal corotation and its influence on the stability of this system (section 4). Finally the conclusions and discussions are given in section 5. 
Numerical simulation
The 55 Cancri system is a system with three planets. We adopt the orbital solution given by Fischer et al. [3] (see Table 1 ). To numerically simulate this system, we use a symplectic integrator [4] [5], which allows us to follow the orbital evolution of each body and simultaneously the stability of this orbit indicated by the Lyapunov Character Indicators (LCI). The time step is set to be 0.3 days, which is about 2% of the shortest orbital period among the three planets. We adopt the masses (assuming sin i = 1), semimajor axes and eccentricities of planets the values listed in Table 1 . The initial orbital inclination of companion D is set to be zero, while the companion B and C have initial inclinations of 10 −5 degrees. Other angles (the ascending node, the periastron and the mean anomaly) are randomly generated from [0, 2π). Four Hundred of simulations, with different initial conditions, are integrated up to 10 6 years.
Ignoring the third planet, we first integrate a system composed of the central star and the companion B and C. Then, retaining the initial conditions of these three bodies and adding a companion D, we integrate our four-body system. As the simulations show, the companion D has nearly no influence on the motion of the inner planets, although it is much heavier. This is due to its large semimajor axis (5.461 AU). However, in order to get reliable simulations for the real system, we only discuss here the numerical results from the four-body model in this paper.
During the integrations, if the distance between any two of the planets were smaller than half of the criterion of the "Hill stable" [6] , the system were thought to be collapsed and the simulation terminates.
About one third (133 out of 400) of the simulations collapse during the integrations, and all the remainder survive the 10 6 years integration. Among the survivors, 38 have e-folding time (the reciprocal of the LCI) T e = 1/(LCI) ≥ 10 3 years, and they are in this sense regarded as stable. In these stable systems, all the three planets have inclinations ≤ 0 • .1, while those unstable (T e < 10 3 yrs) systems may have inclinations of companion B and C as high as ∼ 20 • , that is, the stable system prefers to be coplanar. All the stable systems are associated with the 3:1 MMR between the two inner planets. As well known, a 3 : 1 MMR can be indicated by the libration of the following resonant arguments:
, where λ 1,2 and ̟ 1,2 are the mean longitudes and periastron longitudes of companion B and C, respectively. The relative apsidal longitude ∆̟ = ̟ 1 − ̟ 2 is also a critical argument often to be discussed. (Hereafter we use subscripts 1, 2 to label the orbital elements of companion B and C.)
The stable systems can be divided into three groups, with representative cases illustrated in Fig. 1 . In all the cases, the companion D is in a steady motion and, the semimajor axes of companion B and C vibrate with very small variations (Fig. 2) .
Case a (Fig. 1) shows a strong resonance with θ 1 , θ 2 and θ 3 librating around 215 • , 75 • and 325 • , respectively. Simultaneously, the ∆̟ also librates around 250 • . The libration of the relative position of the periastrons is called apsidal corotation. The well known symmetric configurations of ∆̟ librating around 0 • (alignment) or 180 • (anti-alignment) imply the conjunction of the two planets always occurs at a certain position and this attributes to the stability of the system. However the asymmetric configuration with ∆̟ librating around angles other than 0 • or 180 • , has been predicted by Beaugé et al. [7] . In fact, if the resonant angles θ 1 and θ 2 librate with small amplitudes, ∆̟ = Case b differs from case a in the behavior of θ 1 , θ 3 and ∆̟, which circulate now. The θ 2 still librates around 80 • with an amplitudes of 40 • , implying the two planets are still trapped in the 3 : 1 MMR. Although the numerical simulations give more examples with configuration as case a than case b (28 vs 7), we notice that among the most stable sets with e-folding time T e ∼ 10 6 years (the same order as the integration time), there are two sets having configurations as case b but only one as case a. This prevents us from concluding which type, case a or case b is more stable.
In case c, besides θ 1 , θ 3 and ∆̟ circulate, θ 2 also librates around 180 • with a quite large amplitude of 160 • . As a result, it is less stable than the above two cases. The only three examples with this configuration in our simulations all have e-folding times < 5 × 10 3 years.
We notice that the orbital eccentricities e 1 , e 2 have remarkably different behaviors in these three cases.
To explore further the stabilities of different configurations, we integrate the three examples shown in Fig. 1 further to 3 × 10 7 years. Both the case a and b last this time span and keep the configurations all the time. But case c loses the stability when the inclinations of companion B and C increase to ∼ 5 • after ∼ 1 × 10 7 years.
Analytical model
To understand the dynamics of the 3:1 MMR in the 55 Cancri, it's helpful to describe it with an analytical model. As we mentioned above, the companion D has a very weak influence on the motion of the inner planets, and in addition, numerical simulations show that the orbital inclinations in those stable configurations are all close to zero. So, a planar three-body problem is a reasonable model for describing this planetary system. On the other hand, the usual analytical perturbation models, such as the Laplace expansions, are not convergent for high eccentricities, and expansions with low-order truncations may yield imprecise results [8] . Recently, a new expansion of the Hamiltonian suitable for high-eccentricities has been developed by Beaugé and Michtchenko [9] . We will apply this expansion to the system 55 Cancri.
The Hamiltonian
Suppose three bodies with mass M 0 , m 1 , m 2 orbiting around their common center of mass. M 0 ≫ m 1,2 is the central star and m 1,2 > 0 are the planets. Near the 3 : 1 MMR, a set of canonical variables are defined as:
where
is the reduced mass. These canonical variables define a four degree-of-freedom system. After considering the conservation of angular momentum and averaging over the fast-angle, we get two integrals of motion
At the same time, the problem is reduced to a two degree-of-freedom system in canonical variables (I i , σ i ). And the resulting Hamiltonian reads
where H 1 is the truncated disturbing function,
Here α = a 1 a 2 is the ratio between the two semimajor axes and α 0 is its value in the exact MMR. The coefficients R n,j,k,u,l can be determined beforehand (for more details, see [9] ). Besides the J sum and J dif (hence J 1 and J 2 ), the total energy H is an integral too. And we may bear in mind θ i = −2σ i (i = 1, 2) and ∆̟ = σ 2 − σ 1 .
The reliability of the Hamiltonian
We can calculate orbits of planets applying this Hamiltonian. Since it is an averaged system, the time step can now be much longer than that used in our symplectic integrator. A comparison between this Hamiltonian expansion and the direct numerical integration is shown in Fig. 3 , in which we choose the most unstable case of Fig. 1c as an example. We get the same initial conditions and recalculate the orbits from the Hamiltonian equations with an average (variable) time step of 60 days, which is four times of the inner planet's orbital period.
The agreements in Fig. 3 , not only imply the reliability and suitability of this Hamiltonian, but also confirm the third planet can be ignored when studying the dynamics of the inner two planets. 4 The apsidal corotation and the stability of the system The Hamiltonian introduced above has two degrees of freedom. Although it is still nonintegrable, it can help us to understand the dynamical properties of the system. In this section, we will use it to find out why and when the system follows the different types of resonant evolutions as shown in Fig. 1 , and then via the the surface of section technique we study the stability of the systems with different configurations.
The eccentricities and the resonant angles
The existence of integrals J sum and J dif , constrains the variation of the planetary semimajor axes, by 3J 1 + J 2 = 3L 1 + L 2 = const. However, when we discuss planets trapped in an MMR, we may simply assume the semimajor axes are constants, otherwise the resonance would be destroyed. In fact, the numerical simulations in section 2 also support this assumption (Fig. 2) . Similarly, simple calculations show
This confines the time variation of the eccentricities when we fix the semimajor axes. As shown in Fig. 4 , each curve represents a definite value of J sum , and the eccentricities e 1 , e 2 will vary along the curve during the evolution of the system. Of course, besides Eq. (4) the variation range of the eccentricities is also bounded by other constrains such as total energy of the system. Assuming that a 1,2 are fixed, we can calculate for a given pair of eccentricity e 1,2 the energy level curves of the Hamiltonian on the (σ 1 , σ 2 )-plane. Fig. 5 shows several such contours. At the first glance, we note the symmetry over both σ 1 and σ 2 . Recalling θ i = −2σ i , this symmetric structure implies that if φ is a libration center of θ i or ∆̟, the argument (360 • − φ) should also be. This has been observed in our numerical simulations.
Because the total energy H is an integral, a system starting from a point on any curve in Fig. 5 can never jump to other curve with different energy. On the other hand, during the dynamical evolution of a system, the eccentricities could evolve along a curve shown in Fig. 4 . So, an energy curve in Fig. 5 will extend to an energy surface (e.g. a cylinder) as the eccentricities vary and, the system will evolve on this surface. To illustrate this evolution, we calculate several contours for different pairs of (e 1 , e 2 ) with the same J sum , in other words, we get a series of section of the energy surface. In this way, we can follow the evolution of a system starting from definite initial conditions. For example, the thick curves in Fig. 5 , representing an energy H = −3.957679 × 10 −3 , keep the closed oblate shape when e 1 evolves from the initial value 0.03 to 0.20. The oblate profile of the curve implies that the angle σ 1 (θ 1 ) has a larger reachable range than σ 2 (θ 2 ). During the temporal evolution of a system with initial conditions located on this curve, the angle σ 1 could vary in ranges of ∼ (160 • , 400 • ), while σ 2 is bounded between 20 • and 60 • . Correspondingly, the resonant angle θ 1 and θ 2 could vary in a range with widths of 480 • (circulation) and 80 • (libration), respectively. This is just the evolution followed by case b in Fig. 1 . Another example indicated by a dashed curve with H = −3.957722 × 10 −3 exhibits the possibility of circulating of both θ 1 and θ 2 .
We denote the possible variation of σ i by ∆σ i . In the evolution of a system, if ∆σ 1 < 180 • , it could run as Fig. 1a . If ∆σ 1 > 180 • while σ 2 is still bounded in a narrow range, say ∆σ 2 < 90 • , the system could run as Fig. 1b . And if 90 • < ∆σ 2 < 180 • , it could run as Fig. 1c . So the measure of such areas in Fig. 5 tells the probability of each type of motion. The calculations show the type a, b and c occupy approximatively 10%, 16% and 4.5% of the whole plane. It's a really coarse estimate because Fig. 5 does not tell the stability of possible motion types. After considering the stability, these estimates must decrease in different extents.
The occurrence of apsidal corotation
When two planets are in a 3:1 MMR, at least one of the three resonant angles should librate around a definite value. According to the analysis in the foregoing sections, σ 2 generally has a smaller libration amplitude. So we can further simplify the Hamiltonian by safely setting σ 2 ≡ σ 0 2 when we discuss the 3:1 MMR. To determine σ 0 2 , we can calculate the stable stationary solutions of the Hamiltonian equations as Beaugé et al. did [7] , or we can get an estimate from the position of the Hamiltonian extremum in Fig. 5 . But in this paper, we simply adopt σ 0 2 = −40 • (θ 2 = 80 • ) from the numerical results. Under this assumption and recalling the constant semimajor axes and the constrain on eccentricities, the Hamiltonian can be explicitly expressed as H = H(a 0 2 , a 0 1 , e 2 , e 1 (J sum , e 2 ), σ 0 2 , ∆̟), with only two "free" variables e 2 and ∆̟. We calculate the contour of such Hamiltonian on the (e 2 , ∆̟)-plane and show it in Fig. 6 . The contour of the velocity of ∆̟ is also calculated and shown in Fig. 7 .
A system approximately satisfying the assumptions mentioned above will evolve along one of the curves in Fig. 6 . For the inner two planets in 55 Cancri, the initial orbital elements listed in Table 1 (e 0 1 = 0.03, e 0 2 = 0.41) correspond to the right boundary of the box in Fig. 6 . Two different fates of a system starting from these initial conditions are distinguished: one is characterized by a libration of ∆̟ around ∼ 250 • and the other a circulation of ∆̟. In the latter case, the eccentricity e 2 can reach a smaller value (correspondingly e 1 a higher value). These agree pretty well with the directly numerical integrations. Such agreements are shown in Fig. 6 by a comparing plots from the numerical results. Fig. 7 shows the velocity of ∆̟. Through this figure, we can explain how ∆̟ evolves. Along the right boundary of the box, the absolute value of velocity could be very large, so that ∆̟ increases or decreases quickly. Let us write the perturbing part of the Hamiltonian as
where R j,k contains the coefficients R n,j,k,u,l and sums over n, u, l in Eq. (3) . By careful calculations, we obtain
Obviously, when e i ≪ 1, the dominating term on the right hand side has the order ∼ 1 e i
. Near the right boundary of the box in Fig. 7 , we have e 1 ∼ 0.03 ≪ 1. That's the reason why ∆̟ has a quick change when e 1 approaches its minimum value as shown in Fig. 1b,c. The numerical simulations reveal that the quick varying of ∆̟ in Fig. 1b,c is caused by a quick varying of ̟ 1 when e 1 → 0. In fact, when an orbit was nearly circular (e ∼ 0), it would be relatively easy to change its direction (̟), thus the two planets could lose the locking of periastrons if they were not in strong coupling. On the other hand, whether they can strongly couple each other depends also on how close their orbits can approach each other, that is, how big their eccentricities (especially e 2 ) are. Bearing this in mind we can understand e 2 in case a has a higher lower-limit than in cases b and c.
From Fig. 6 and Fig. 7 , we see different behaviors of ∆̟ (circulation or libration) have different varying directions along the right edge of the box. By numerically solving the equation d∆̟/dt = 0, we find two zero velocity points on the boundary. They define the boundaries of the initial conditions leading to a librating or circulating of ∆̟. The calculations show that the apsidal corotation happens if ∆̟ 0 ∈ (160 • , 330 • ), while if ∆̟ 0 ∈ (−30 • , 160 • ) ∆̟ circulates. This is in good agreement with the results from numerical integrations.
As for the case c in Fig. 1 , it has a Hamiltonian value a little further from the extremum in Fig. 5 , so that σ 2 (θ 2 ) has a large amplitude of libration and can not be assumed as a constant. As a result, we can not find a corresponding curve for it in Fig. 6 . However, if we draw a series of Hamiltonian contour with different value of σ 2 (adding another dimension to Fig. 6 ), we can also understand its dynamical evolution.
Surfaces of section
The stability of an orbit in the phase space can be revealed by its projection on the surface of section. We present in Fig. 8 the sections of (I 2 cos σ 2 , I 2 sin σ 2 ) for the three orbits in Fig. 1 . The plane is defined as σ 1 = 270 • ,σ 1 > 0. To obtain these, we adopt the initial conditions of orbits from Fig. 1 , and then integrate the corresponding Hamiltonian equations based on the expansion as Eq. (2)(3).
From Fig. 8c we see case c has a chaotic orbit. On the contrary, the invariant curves for cases a and b on the surfaces of section imply that both these two orbits are regular. That is, no matter the apsidal corotation happens or not, the system trapped in the 3:1 MMR could be stable. From this point of view we may argue the apsidal corotation only has a limited contribution to the stability of the system.
Because the perturbation part of the Hamiltonian is expressed explicitly in a i , e i (but not I i ), the integrals of motion J sum , J dif appear as pre-determined constants in the expression. As a result, we can only define an energy surface (H ≡ H 0 ) with certain J sum , J dif and then calculate the surface of section. But the structure of the phase space and the stability of the system depends sensitively not only on H but also on J sum and J dif . For example, with the same values of H, J sum and J dif as the ones in Fig. 1b , we calculate tens of orbits with different initial conditions. On the surface of section, these orbits occupy a big regular-motion region. This result does not conflict with the fact that there are only a small fraction of stable systems in numerical simulations. In fact, when we change H, or J sum , or J dif just a little, we find remarkable chaotic region on the surface of section. The application of the surface-of-section technique is limited by the high dimension of the system. This will be discussed detailedly in our future paper.
Summary and Discussion
With hundreds of numerical simulations of the planetary system of 55 Cancri, we find the system prefers to be coplanar and the third planet has a very weak influence on the motion of the inner two planets. We confirm the inner two planets could be trapped in a 3:1 mean motion resonance and three different types of motion are found. Judging from the surviving time of integration and the Lyapunov character indicators, they are stable, so that the real system could be running as one of the configurations. Via a new Hamiltonian expansion which is suitable for high-eccentricities planar three-body problem, we study the dynamics of the different configurations. We give a criterion of the occurrence of the apsidal corotation. The surfaces of section for the three types of motion are calculated and they reveal the stability of systems with or without the apsidal corotation. With these results we argue that the stability of the system is mainly due to the 3:1 MMR, and the apsidal corotation has only a limited contribution. This method can also be applied to other systems trapped in other mean motion resonances.
Systems with different motion configurations have different energy (H) levels. The apsidal corotation happens when the Hamiltonian approaches the extreme value. So, if the two planets are captured into current configuration through orbital migrations caused by the action of nonconservative forces, the system should have an extremum of energy so that the apsidal corotation happens [10] . When the future observation would reveal more accurate properties of this system, we may consider what of the migration was recorded in this system.
The masses of planets adopted in this paper are the values from the orbital solutions when assuming sin i = 1. As for the situations of sin i < 1, our initial analysis with the Hamiltonian get the very similar results in a wide range of sin i. This is also consistent with the results in [7] . We also discuss the possible motion configurations and their stabilities if the initial eccentricities differ from the values adopted above. With the help of the Hamiltonian model, we find that a higher e 2 favors the establishment of a 3:1 MMR. Anyway, we'd like to leave more details of these to our future paper. Figure 1 . The temporal evolution of the critical angles θ 1 , θ 2 , θ 3 , ∆̟, and the eccentricities of planets e 1 , e 2 (in the bottom panel, the dashed curves indicate e 2 ). Case a, b, and c are from different initial conditions. Figure 2 . A typical temporal evolution of the semimajor axes a 1 , a 2 in a stable system. Figure 3 . The temporal evolution of θ 2 , ∆̟ and eccentricities e 1,2 from the same initial conditions as the ones of Fig. 1c . Squares show the results of a numerical integration of the exact equations, while the curves are from the Hamiltonian. 
